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Abstract. Let X q denote a simply connected positive definite four-manifold 
with 62 = <?i and let 9JlX q denote the rank-stable moduli space of based 
instantons on X q . We show that, for the C2 = 1,2 components, we have 
homotopy equivalences m{X p #X q ) ~ Bar(3Jt-Xp, 5OTS 4 , 9JlX q ) and mX q ~ 
Bar (WIS 4 , (OTS 4 ) x q , (OHP 2 ) x 9 ) . We also prove an analogous result in the limit 
when k — ¥ 00. 



1. Introduction 

In this paper we will study the moduli space of holomorphic bundles over a ra- 
tional surface with vanishing first Chern class, trivialized on a rational curve, in the 
limit when the rank of the bundles goes to infinity. Through the Kobayashi-Hitchin 
correspondence, this space is isomorphic to the moduli space of based instantons 
over a positive definite simply connected closed four-manifold (see [2], [5]), and has 
been studied in [7]. [I]. [12]. 

Let P 2 = C 2 U P 1 be the complex projective plane seen as a compactification of 
C 2 . Denote by the rational curve at infinity. Given a finite subset JcC 2 , let 
P 2 be the blowup of P 2 along /. Let DJVj be the moduli space of rank r holomorphic 
bundles on P 2 with first Chern class C\(E) = 0, trivialized at P 1 . Direct sum with 
a trivial rank r' — r bundle induces a map 971J — ► 9JtJ ■ Let 971/ be the direct limit 
when r —> 00. In [7], [11], [1] it was shown that QJlg ~ ]\BU(k) and, for each 
x £ C 2 , 971^° ~ ]\BU(k) x BU(k). For J C I, pullback of bundles induces a map 
it j j : DJlj — > 97?/. Combining with Whitney sum we get maps QTl© x DJl x — > DJl x . 
Let 

(1) 



Bj = Bar ( 97t , J] 97t , J] M x j 



where the map OJlg x Y[ 97tg — > 971© is given by Whitney sum. Pullback and Whitney 
sum give maps 

97t -> 97lj ]^[ SOt-c ->■ ]^[ 971/ ->■ 

KG/ a;e/ 

which induce a map 

(2) h^.Bi^mi 

The second Chern class of the bundles gives a grading of the spaces 971/, Bi and we 
write 0Ki,ki^i,kthi r k for the degree fc components. Our first result is 

Theorem 1. //, for every J C I with #J < k, hj t k is a homotopy equivalence, 
then hj^ is a homotopy equivalence. 

Using Theorem [T] and results from [12] we then show that 
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Theorem 2. For k = 1,2, hi.k is a homotopy equivalence. 

For / n J = we show that S/yj — Bar(Bi, 2^0, Bj) and hence, for k = 1, 2, we 
conclude that SJljuj.fe ^ Bar(DJli, 9% £0tj)fe. 

In [14] , Taubes described, for fc' > gluing maps SJtJ k —> DJl r j k ,. Taking the 
limit when fc, r — > oo, we get 9JTr,oo ~ i?C/ x FJkg/ . We will show that 

Theorem 3. The map 

: Bi,oo ->• OH/ 

,oo 

is a homotopy equivalence. 

Conjecture. The map hi is a homotopy equivalence. 

The paper is organized as follows: In $2] we describe the moduli space 9Jtj as an 
-E°°-space. In f[3]we introduce the operad formalism we will be using in the remain- 
der of the paper. In |2]we apply this formalism to describe the bar construction, the 
space Bi and the map hi. In Sf5]we prove theorem[TJ This theorem is a consequence 
of the following fact (see [32]): 5Hr,/c is the colimit limSJtj^ taken over the subsets 

J C I with ffj < k. In fJHJwe use theorem[T]and results from [T2] to prove theorem 
[2] In ij7]we prove theorem [3] We make use of some classifying maps 9Jtr i00 — > BU 
described in [13]. In the appendix we gather some results need in section ij6] The 
proofs use the monad descriptions of holomorphic bundles introduced in [4] , [6] . 

2. Moduli spaces of holomorphic bundles 

We begin with the definition of the moduli space of holomorphic bundles: 

Definition 2.1. Let V be a complex hermitian vector space with dimension r 
and let E — > Pj be a rank r smooth complex vector bundle with first Chern class 
c\(E) — 0. A holomorphic structure on £ is a semi-connection Be ■ £l°(E) — > 
f2 0,1 (i?) satisfying the integrability condition d E = 0. We let C(I,E,V) be the 
space of pairs (Be,4>) where Be is a holomorphic structure on E holomorphically 
trivial on and <j) : E\i ao — > V x is a holomorphic trivialization. We define 
E, V) = C(I, E, V)/Aut{E). 

Proposition 2.1 ([H]). The group Aut(E) of smooth bundle automorphisms of E 
acts freely on C(J, E, V) and the quotient has the structure of a finite dimensional 
Hausdorff complex analytic space. 

Observe that 

Proposition 2.2. Let E\,E% — > Pj be two isomorphic smooth complex vector bun- 
dles. Then there is a canonical isomorphism 9Jt(I, E\,V) = 9Jt(/, E2,V). 

Proof. Given an isomorphism ip : E\ — > Ei define the map ip* : C(J, E±,V) —¥ 
C(I,E 2 ,V) by 

ip*(d, 4>) = (ip o d o , (j> o V' -1 ) 

This map descends to the quotient to give a homeomorphism d)l(X, E\, V) — > 
BJt(X, E2, V) which is independent of the choice of isomorphism ip. □ 

Since the isomorphism class of E is completely determined by C2{E) = k, we 
write m{I, E, V) = Tl k (I, V) 
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Definition 2.2. We let 

OO 

<m(i,v) = ]Jm(i,v) 

k=0 

We also define the maps: 

(1) The map 

w.C{I,Ei,Vx) xC{I,E 2 ,V 2 ) -*C{I,Ex ® Fh,V x ®V 2 ) 

defined by u){{B\, <j)\) x {B 2 , $2)) = {Bi®B 2 , 4>i®(t) 2 ) descends to the quotient 
to give a map 

u : Tt{I, VI) x Wl{I, V 2 ) -> Tt{I, V x © V 2 ) 

(2) Let J C I, let ttjj : P^ -> P 2 7 be the blowup of along I \ J. Then 
pullback of holomorphic bundles induces a map 

fyiV) : C(J, E, V) -> C(J, tt*j jE : V). 

This map descends to the quotient to give a map 

tt^V) : Tt{J, V) — > V) 

(3) Let a : V — »■ TV be an isometry. Let e a be the trivial bundle over P 2 - with 
fiber a{V) ± C W and denote by B the canonical holomorphic structure on 
e a . We define the map 

C{I, E, a) : C{I, E, V) -»• C(7, £ © e , PV) 

by sending (9^, 0) to {Be 9fl,(ao^)®l). This map descends to the 
quotient to give a map 971(7", a) : 971(7, V) -> M{I, W). 

Proposition 2.3. The map 9Jt(7, a) is a closed embedding. 

Proof. It follows from the monad description of 9Jt(7, V) in [3]. □ 

Proposition 2.4. TTie assignement a 1— > 9Jt(7, a) induces a continuous map betwen 
the space of isometries £{V, W) and the space of maps Map(9Jt(7, V), £0T(7, 

Proof. When dimF = dimPV, C{I,E,a) is the map {5e,4>) i-> (9_E,a o 0) so the 
result is clear. So we assume dim W > dim V, fix «o £ £(V, W 7 ) and show continuity 
at a - Let V = a {V) x and let p : £{V®V ,W) -> £(V, W) be the principal bundle 
map adjoint to the canonical inclusion V — > V © Vq. Let 9 be a local section of p 
on a neighbourhood A of oq. Given a £ A, the restriction of 9{a) to Vb gives an 
isomorphism 8{a)\v ■ Vq — > a{V)' L which induces an isomorphism of holomorphic 
bundles ip a : E © eo — > E © e a . We have the commutative diagram 

C{I, E, V) C(I ' E '% C{I, 75 © e , V © V ) 

C(I,E,a) C(I,E@ea,9(a)) 

C{I, E®e a ,W) * ^ C{I, E © e , W) 
Hence the map a i-> 9Jt(7, E, (3) is given by the composition 

C{V, W) — e -s~ C{V © Vb, «0 5- Afap(OT x (V © Vb), M X W) ^—^ Map 

where *) v is the adjoint of the map w(-, *) : MV -> 3Jt(V © Vb). The result 
then follows because the middle map is continuous since dim(V©Vb) = dim VF. □ 
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Proposition 2.5. Let £* denote the graded category whose objects are the finite 
dimensional complex hermitian vector spaces and whose morphisms are the linear 
isometries. Let © : x — > be the direct sum functor. Then 031 is a continuous 
functor from to Top and lu : 031 x 031 — y 031 o is a natural transformation 
satisfying uj(x, *) = x where * G QJtO is the basepoint. 

Using the terminology of (TUJ, the pair (931, w) is an £*-functor. We can extend 
931 to infinite dimensional vector spaces W by letting 031W = limOTtV^ where the 

colimit is taken over the finite dimensional subspaces V C W . 

Proposition 2.6. Let C denote the category whose objects are the finite or count- 
ably infinite hermitian vector spaces and whose morphisms are the isometries. Then 
031 extends to a functor 931 : C — > Top and to extends to a natural transformation 
931 x 931 ^ 931 o (B 

Proof. See [ID]. □ 

Now let H be a countably infinite complex hermitian vector space which we call 
the universe. 

Definition 2.3. A universe is a countably infinite complex hermitian vector space. 
Given a universe H we define 

93lf = lim 971(1, V) 
where the colimit is taken over all finite dimensional subspaces Fcl. 

Let J2? H be the complex linear isometries operad over H. Then u passes to the 
colimit and induces an „S? H -space structure on 03ff. Furthermore, a morphism of 
universes a : Hi — > H2 induces a map OH^f 1 — > 97l^ 2 which commutes with w. An 
isomorphism Hi = H2 of hilbert spaces induces a homeomorphism Wl^ 1 = SUt^ 2 . 
For J C I, the map 7r*(V) passes to the colimit to give a map 97t(i) : 3Jl(J) — > 031(1) 

Proposition 2.7. 031(1), D3l(i) define a functor betwen £ and the category of _£f- 
spaces. 

Proof. We easily check that ir*j 7 is a natural transformation betwen 03l( J, ■) and 
03l(L, ■) which commutes with u. The result follows. □ 

3. SlMPLICIAL CONSTRUCTIONS WITH OPERADS 

3.1. Bar construction for spaces. Let O be an Eoo operad and let X be 
an O-space. We will consider actions of X on spaces Xl,Xr mediated by spaces 
OL(n),On(n) of maps X n x Xl — > Xl and X n x Xr — > Xr respectively. Using 
these actions we define the bar construction \\*B(Xl,X, Xr)\\. To define maps 
||Q3(Xi, X, Xn) — > Y\\ to some space Y we also need to introduce spaces 0(n) of 
maps X L x X n x X R — > Y. 

Definition 3.1. An operad pair is a pair (Om, O) where O is an E^ operad 
with data 

7 : 0(k) x 0(h) x ... x 0(j k ) -> 0(j) (j =.n + ...+ j k ) 

and Om is a collection of contractible based spaces C>M(n) for each n > 0, together 
with continuous maps 

1M ■ M (k) x Om(jo) x 0(h) x ... x 0(j k ) -»• Om(j) (j=jo + ..- + jk) 
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and an identity element 1 £ 0m(O) such that 7m(1; d) = d and 7m(c; 1, . . . , 1) = c. 
Furthermore, 7m satisfies the associativity relation 

7m (7m (cm; rfM, rfi, ■ • j dk);e M ,ei, . . . , ej) = Jm(cm] /m, /i, ■ ■ ■ , fk) 

where / M = 7m(^m; e M , ei, . . . , e JO ) and / s = 7(d s ; ej 0+ ... +Js _ 1+ i, . . . , e JO+ ... + jJ 
with f s = * when j s = 0. 

An opcrad 4-tuple is a 4-tuple (0 L ,0,0 R ;0) where (0 L ,0) and (0 K ,0) are 
operad pairs and is a collection of contractible based spaces 0(n) for each n > 0, 
together with continuous maps 

7 : O(fc)xO L L )xO(. ? i)x. . .xO(j k )xO R {j R ) -> 0(j) (j = j L +ji+. . 
which satisfy the associativity relation 

7(7(c;d L ,di, • • • , <4, d R ), e L , e lt . ..,ej,e R ) = ^{cJlJi, ■ ■ ■ , fkja) 

where 

h =iL{dL;e L ,ei,...,e jo ) 

Is = l{d S ] e jL+jl+---+js-l+ll • ' • 1 e jL+jl + ---+js ) 

/fl = 7k(^a; ej- jR+ i, ej) 
with f s = * when j s = 0. 

Definition 3.2. A morphism of pairs (0mi,0i) — > (0M2,02) is a pair (ipM,4>) 
where ip : 0\ — > 02 is a morphism of operads and tpM is a collection of based 
maps tpMj ■ Cmi(j) — > 0M 2 (j) such that if>Mj(l) = 1 an d the following diagram 
commutes: 

(3) M i(fc) x M i(jo) x Oi(ji) x ... x O^jk) M1 (j) 



V'MfeXl/'Mjo Xl/Jjj X...Xl/>j fc 



IpMj 



M2 (k) x M2 (jo) x 2 (ji) x ... x 2 (j k ) M2 {j) 

A morphism of 4-tuples (Oli, 01, 0«i, 0) -> (O i2 , 02, Cm, (5) is a 4-tuple (V>l, V>, V>ii, ^) 
where (Vl,V0 : (Oli.Oi) -> (0L2,0 2 ) and (^,V) : -> (0*2, <%) are 

morphisms of pairs and ip is a collection of based maps ip(j) : Oi(j) — > O2 (j) such 
that the following diagram commutes: 

(4) Oi(fc) x OiiOi) x 0i (ji) x ... x dOfc) x 0i(i) 

2 (fc) x i2 (j L ) x 2 (. 7l ) x ... x 2 (j fe ) x fl2 ( Jfl ) 2 (j) 

Definition 3.3. Given topological spaces Xl,X, X r , Y let £(X) be the endomor- 
phisms operad of X and let 

£(X a ,X)(n) = Map, (A" x X a ,X a ) (a = L, R) 

£(X L ,X,X R ,Y)(n) =Map,(A L x A" x X R ,Y) 

Then {£ (X a , X), £(X)) are operad pairs with 1 £ £(X a ,X)(0) the identity map of 
X a and 7m defined as compositions: 

1m{Sm]9m,9i, ■■■,9k) = /m(pm x gx x . . . x g k ) 
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and (£(X L ,X),£(X),£(X R ,X);£(X L ,X,X R ,Y)) is an operad 4-tuple with data 
7 denned as compositions 

7(/; 9l,9i, - ■ ■ ,9k,g R ) = f(9L x gi x . . . x g k x 

We call a morphism of operad pairs (9m, 9) : (Om,0) — > (£(Xm,X),£(X)) an 
action of (Om, O) on (Xm, X). (Xm, X) is then said to be an (Om, 0)-pair. Note 
that X is automaticaly an O-space. Similarly, given a morphism of 4-tuples 

(9 L ,6,6 R ;6) : (O l , 0,0 R ;6) -> (£(X L ,X),£(X),£(X R ,X);£(X L ,X,X R ,Y)) 

we call (X L ,X, X R , Y) a (0 L ,0, O r ; O) 4-tuple. 

Definition 3.4. A morphism of (Om, O) -pairs (Xmi , X\} — Y (Xm2,X2) is a pair 
(/m) /) where / : X\ — > A 2 is a morphism of O-spaces and /m : ^mi — > Xmi is a 
based map such that the following diagram commutes: 



M (k) x X\ x X M i 
G M (fc) x X% X I M2 



■ Xmi 

' Xm2 



A morphism of (0 L ,0,0 R ;0) 4-tuplcs (A L1 , X u X m ; YJ -> (X i2 , X 2 , A ra ; F 2 ) 
is a 4-tuple (f L ,f,f R ;f) such that : (A^A^) -> (X L2 ,A 2 ) and (f R ,f) : 

(X_ri, Ai) — > (A_r 2 , A 2 ) are morphisms of operad pairs and / : Y\ — V Yi is a based 
map such that the following diagram commutes: 



0(k) x X L1 x Af x Xfli 
6(A) x A i2 x A| x A fi2 



We recall the definition of topological category: 

Definition 3.5. A topological category ^ is a small category with topologized 
morphism sets such that composition is continuous and ob^ C mor^ is a closed 
cofibration. An equivalence of topological categories is a functor T : — > ^ 2 
which is the identity on objects and a homotopy equivalence on morphisms. 

Let A denote the category whose objects are the sets [n] — {0,1, ... ,n} C Z 
plus the empty set and whose morphisms are the order preserving maps. It is often 
convenient to denote the object e A by [— 1]. Let A C A be the simplicial 
category. 

Definition 3.6. Given an operad 4-tuple (O l , O, O r ; O) let A(O l , O, O r ) be 
the category equivalent to A whose morphisms are defined as follows: For each 
morphism fi 6 A(m, n) let 



A fi (O L ,O,O R )(m,n) = O L (p ) x 



.a=l 



x R (n - fi m ) 
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Then, the space of morphisms is defined to be 

A(0 L ,0,0 R ;)(m,n) = ]J A^O L , O, R )(m, n) 

Composition of morphisms 

A^Ol, O, R )(m, n) x A„(O l , 0, R )(n,p) -> A^(O i; 0, O fl )(m,p) 
is done using the operad data: 



1L ■ 



Ol(mo) x O l {vq) x [] O{u - v _j) -> O l (i/ m ) 



0=1 



7^ : O fl (n - /it m ) x - v n ) x J| 0(z/s - vp-\) -t R (p - v^ m ) 

From the associativity of the operad data it is straightforward to prove that this 
composition law is associative. 

We now define a category A(Ol,0,O r ;0) equivalent to A. For m,n ^ [— 1], 
the spaces of morphisms concide with those of A(Ol, O, Or). For m = —1 we let 

A(0 L ,0,0 R ;6)(-l,n) = 6(n) 

Composition of morphisms 

A(0 L ,0,0 R ;0)(-l,m) x A^(0 L ,0,0 R )(m,n) -> A(0 L ,0,0 R ;0)(-l,n) 

is done using the operad data: 



7 : 0(m) x ^(mo) x 



x H (n - /x m ) -s- 0(n) 



Proposition 3.1. Given a morphism of operad J^-tuples 

W^VwVO : (0Li,e>i,C>m;0i) -> (0L2,02,0ffi;02) 
i/iere are equivalences of topological categories 

A(Vi,iMfl;$ : ACO^O^OflisOi)-). A(0 i2 , 2 , R2 , <5 2 ) 
Aty L ,i/>,t/> R ) : A(0 L i,Oi,O fll ) ->■ A(0 L2 ,0 2 ,0 K2 ) 
given on morphisms by the maps 



ipL x (JIVM x V'fl : Oli(mo) 



a /^a — lj 



L2 {tia) x 



n 



x C_Ri(n - /it m ) 

x 0R 2 (n - /i m ) 



and 



i) : 0{n) -> 0{m) 



Proof. The relation A(ip L) ip, ip R )(f°g) = A(^ L ,ip, rp R )(f)oA(ip L ,ip, tp R )(g) follows 
imediately from equation ([3]) □ 
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Definition 3.7. Given a morphism of 4-tuples 

{6 L ,6,6 R ;9) : (0 L ,0,0 R ;0) {£(X L ,X),£(X),£(X R ,X);£(X L ,X,X R ;Y)) 

let <B(X L ,e L ,X,e,X R ,6 R ) : A{0 L ,0,0 R ) op -> Top be the functor defined on 
objects by 

X L x X n x X R 

and defined on morphisms as follows: Given / 6 A^(Ol, O, R )(m, n) we can write 

X L x X n x X R = (X L x X^°) x (f[ x^-^- 1 ^ x (X n -» m x X R ) 
Then the maps 

L :O L ( m )xX L xX^ ^X L 

9 : 0{ji a - Ma-i) x X^-V"- 1 — > X 
6 R : R (n - Mm ) x X n ~^ xX R ^ X R 

induce the desired map Xl x X n x X R — > Xl x X m x X R . 

Let <B(X L ,6 L ,X,6,X R ,6 R ;Y,6) : A(O l , O, O r ; 0) op Top be the functor 
extending 05(X L , 9 Ll X, 8, X Rl 8 R ), sending the object [— f] to Y and defined on 
morphisms by 

fe A(0 L ,0,0 R ;0)(-l,n) ^ 8(f) : X L x X n x X R Y 

We will write simply 05(Xl,X, X R ) and 05(Xl, X, X R ; X) when the dependence 
on (8l, 8, 8 R ; 8) is understood. 

Unraveling the definitions we imediately get: 

Proposition 3.2. Given morphisms of 4-tuples 

U>l,iI>,iI>r;$) ■ -> (0 L2 ,0 2 ,0 R2 ;0 2 ) 

(8 L ,8,8 R J) : (0 L2 ,0 2 ,Ofl 2 ;0 2 ) -+ (£(X L ,X) , £(X) , £(X R ,X) ; £(X L ,X,X R ,Y) ) 
we feowe 

05 (X L , L o^ L , X, #o^, X fl , ^oVw y, #o^) = 05 (X L , 8 L , X, 8, X R , 8 R ; Y, 6)oA^ L , V, VO 
Following standard notation, we will usually write 
A(Vl, V, L , X, 8, X R , 8 R ) = 05(X L , 8 L , X, 8, X R , 8 R ) o A(Vl, V, V>fl) 

and similarly for 05. 

Proposition 3.3. /Given a morphism of (Ol,0,O r ;0) 4-tuples 

(fL,f,fn,f) ■ (Xli, Xi, X R1 \ Y\) -> (Xx,2, X 2 , X R2 ; Y 2 ) 

there is a natural transformation 03(Xi£, X\, Xi R ; Y\) — > s B(X 2 l, X 2 , X 2R ; Y 2 ) de- 
fined by the maps 

h x f n x f R : Xil x Xr x Xi R -> X 2L x X 2 l x X 2R 

and / : y ->■ y 2 . 
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3.2. Geometrical realization. We will be using extensively a version of the bar 
construction which we now recall (see [5]): 

Definition 3.8. Given a category C and functors F : C op — s- Top, G : C — > Top 
we define B(F,C,G) as the geometrical realization of the category whose objects 
are the triples (x, n, y) with n € C, x € F(n) and y £ G(n) and a morphism 
(2:1,711,2/1) — > (2:2,712, 2/2) is a morphism / : ni — > n 2 in C which sends x 2 to x\ and 
Vi to y 2 . 

If * : C — > Top is the constant functor to a one point space, B(F, C, *) is just 
the homotopy colimit of F which we will represent by 

Proposition 3.4. In the conditions of vrovosition there is a homotopy equiv- 
alence 

||A(^,^,Vfl)|| : \\A(ip L ,^^ R )*m(X L ,X,X R )\\ -> \\<8(X L ,X,X R )\\ 

In the conditions of proposition \3.SH there is a map 

||®(/i,/,/fl)|| : \\^(X 1L ,X 1 ,X lR )\\ -> \\<8(X 2L ,X2,X 2R )\\ 

If the maps fa, f, f R are homotopy equivalences, then \\fB(fa, f, f R )\\ is a homotopy 
equivalence. 

Proof. If the maps /l,/, fa are homotopy equivalences, then the natural trans- 
formation 93 (/l,/, f R ) is a weak equivalence of functors so the result follows (see 
0). □ 

Definition 3.9. Let O be an operad. We denote by (0+, O) the operad pair where 
0+(n) = 0(n + 1) with data 7+ induced by 7. 

Note that (X, X) is naturally a (0+, C)-pair. Let (Ol,0) be an operad pair 
and let (X L ,X) be an (O l , C)-pair. We want to show that \Y&{X L ,X,X)\\ ~ X L . 
First observe that 

Proposition 3.5. The map Y — >• ||93(Xi,X, Xij;Y)|| induced by the inclusion 
[— 1] A(Ol,0,O r ;0) is a homotopy equivalence. 

Proof. This follows since [—1] is a cofinal object in A and the categories A and 
A(0 L ,0, Or; 6) are equivalent. □ 

We will show that 

Proposition 3.6. The map ^b{X L ,X,X)\\ -> \\%{X L ,X,X;X L ) is a homotopy 
equivalence. 

Before we prove the result we need some definitions and lemmas. 

Definition 3.10. Let A be the category whose objects are the objects of A (with 
= [—1] and such that A(m,n) C A(m + l,n + 1) as the morphisms which send 
m+1 to 71+1. For m/-l restriction gives an isomorphism A(m, n) = A(m, n+1) 
and hence we can see A as a subcategory of A. 

Lemma 3.7. [—1] G A is an initial (and final) object and the inclusion functor 
F : A°p -> A° P is cofinal. 
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Proof. To prove the second statement, it is enough to show that, for any [n] G A, 
the undercategory [n] I F has a final element. This is the element [n] [n + 1] 
with / G A° P (n,n + l) the morphism that sends n + 2 to n + 1 and is the identity on 

the remaining elements. Indeed, given an element [n] A [m] with p, G A op (n,rn), 
there is a unique morphism /i G A op (n + l,m), namely /i corresponds to fx under 
the isomorphism A(m, n) = A(m, n + □ 

Definition 3.11. We denote by A(Ol,0, + ) the topological category equivalent 
to A whose morphisms are defined as follows: for each \i G A(m + 1, n + 1) let 

m+l 

A^(O l , 0, 0+) = O l (vo) x J] - Ma-i) 

a=l 

and define A(0 L ,0 7 0+)(m 7 n) = \ ; A^O L ,0,0+). 

M£A(m,n) 

Notice that, for /j, m < n, + (n — fj, m ) — 0(ji m+ i — fj, m ) hence A(Ol, O, 0+) is 
canonicaly a subcategory of A(Ol,0, + ). 

Lemma 3.8. The inclusion functor A°p(O l , O, + ) ->■ A° p {O l , O, 0+) is cofinal. 
Proof. It follows from the commutative diagram 

A°p(O l ,0,0 + )— ^A°p 



A P (0 L ,0,0, 

where the horizontal maps are equivalences of categories and the right vertical map 
is cofinal. □ 

Lemma 3.9. Let L+ {n) = L {n + 1). Then {0 L ,0,0 + ;0 L+ ) is an operad 4- 
tuple, (X L ,X,X;X L ) is an (0 L ,0,0 + ;0 L+ ) 4-tuple and the functor <B(X L ,X,X ;X L ) 
A{0 L ,0,0;0 L+ ) -> Top can be extended to a functor ^{X L , X, X) :A(0 L ,0,0) -> 
Top. 

Proof. Given /i G A(m + 1, n + 1) with /U TO +i = n+1 the map 

m+l 

X L x X n+1 = X L x X^° x ]J x^"^" 1 — ► X L x X m+1 

a=l 

is defined by the maps 

O L {n ) xX L xF4l L 

o(p a - fi a -!) x x""-""- 1 ^ x a 

We can now prove 
Proposition 3.10. We have a commutative diagram 



\\*8(X L ,X,X)\\ 



\\<B(X L ,X,X;X L ) 
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where every map is a homotopy equivalence. 

Proof. From lemma [3751 it follows that the top horizontal map is a homotopy equiv- 
alence. To prove that the right vertical map is a homotopy equivalence we consider 
the diagram 

\\%{x L ,x,x)\\ ^ — \\ri h *%(x L ,x,x)\\ — ^ \\F h *m{x L ,x,x)\\ 



<B(X L ,X,X)(-1) +^l*l h *<B(X L ,X,X)(-l) ^+ F h *<B{X L ,X,X)(-l) 

Since [—1] is a final object in A, the right vertical map is a homotopy equivalence. 
Hence the left vertical map is a homotopy equivalence. The same proof works for 
the bottom horizontal map. □ 



4. The space 05/ 

Recall that Jzf H is the complex linear isometries operad on the universe H. For 
each I € € we denote by {5? m y the operad with (^ ,H ) / (n) = (j^ H (n)) 7 . Let 

nW = H ffi . . . 8 H , (m + nI)M = miffin ( 0i(i) ] 

n \x£l ) 

and let jSfj (n) = Jz? H (l + n/) be the space of complex linear isometries (l + n/)H — »■ 
H. Then (jSff , {^Y) is an operad pair with data 

7/ : ^ H (l + kl) x J^ H (1 + J0 I) x JSf H (ji) J x ... x ^ w {j k y -> J^ H (1 + jl) 

induced by the operad data of Jf H : We write Af = A [Sgf, (^ IH ) / , (jjff ) 7 ;JS?£- ) 
and Af = A(^ H , (J? a y , (iff) J ). 

Given a morphism i : J — > / in £ we have operad maps 

(if^n)/ -> (if H (n)) J (projection) 

-2f(n) ->■ JSff (n) (adjoint to the inclusion H 1+nJ ->■ H 1+n/ ) 

which, by proposition 13. 1[ define functors A* : A/ — > Aj and Aj : A/ — s- A,/. 

Proposition 4.1. TTie assignements I i— > A/ and i H> A; define a functor from 
€. op to the category of categories. A corresponding statement is valid for (A/, Aj). 

We will now define a functor 05/ : A/ -> Top. For each J G £ let 6>, 7 : Jz? H -> 
£(9Jt j) denote the standard action of J2f H on DJtj. For each / g we have a map 

ojz^ x ojij — : — an} x ojTj — dJij 

which makes (SD^, Ottjjj 1 ) into an (jSff , J^ H ) pair. Similarly, given (f x ) xeI £ (^{n)) 1 , 
the map 

(aqr >< n ™* [nK,J " ]x ' n (»c >< »w n<w * } n *** 
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makes Tt x , (WlfYj into an ((^f (-Sf H ) J ')-pair . Also, 0„ induces an (jSff, (Jf 11 ) 7 )- 
pair structure on (SUtS 1 , (OT?) 7 ). Finally, for each / £ Jz?/+, the composition 



an« x (m^r 1 xY[m x tSjXWj) " IxIIt; ' ot^ x (mf) nI x (9Jt/) J -^L £otj 

gives (an£,(£CT^,na^;an?) the structure of an (jgf, (Jf H ) 7 , (jSff ) / ; jf*. ) 4 _ 
tuple. Wewrite^ = S(MH(0nH)^n^";^/)and $ B» I = 58(37$, (9Jtf) J , J] 371?) 

Proposition 4.2. isomorphism (j> : Hi — » H2 induces homeomorphisms H58? 1 1| = 
||5B= 2 || and HSfll S ||«8*F 2 ||. 

Proof. <j) induces a map n<p — diag(0, ...,</>) : nHi — > nH2 and we have a map 
of operads Jz^ Hl ->• ^f" 2 mapping / £ ^f Ul (n) to o / o (n^ 1 e ^f H2 (n). By 
proposition 13. 1[ this map induces a functor : A^ 1 — s> A^ 2 . For each J C / we 
have homeomorphisms SJtj 1 = 9Jlj 2 and by proposition 13.41 we can define a map 

Looking at definition ^. 8[ if we denote by C H the category associated to the functors 
F = 58j : (Af)°P -> Top, and G = *, <f> and 0- 1 induce functors C Hl -> C H2 and 
C H2 — > C Hl which are inverse of each other and hence become homeomorphisms 
hen passing to the geometric realization. This concludes the proof for 58/. The 
proof for 58/ is identical. □ 

A morphism i : J — > I, induces inclusions of based spaces 

(97l ) J (5H ) 7 

Together with the map 7r} l : 5H,/ — > 5Dt/ , these inclusions induce, by proposition 
1331 natural transformations 58 t : A*58,/ -> 58/ and 58 4 : A,*58,/ -> 58/. 

Proposition 4.3. Let ||Ai|| _1 denote the homotopy inverse of the map ||Aj|| : 
||A*58j|| — > ||58j|| (see proposition \ 3.4\ l- Then the assignements I 1— > ||58/|| and 
(i : J — y I) 1— > ||58j|| o ||Aj|| _1 define a functor ||58|| : £ — > hTop. An analogous 
statement is valid for ||58/||, ||58 4 || o ||A4 _1 . 

Proof. Given maps i : I — > J and j : J —> K, and given n £ Ax, we have 
ySiojin) = 58i(n)o58j(n). Using the identity A JO i = AjoAj we have a commutative 
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diagram 

B(«B/, A/, *) 5(25/ ° Ai, A, 7 , *) — ^ B(Q3 j, A, 7 , *) 




B(<8 K ,A K ,*) 



a 

Remark 4.1. If we consider only subsets of a fixed I we can get a functor to Top 
instead of hTop. For each J C I we replace the functors 25 j by the functors A* 25,/ : 
Aj — > Top where j : J — > I is the unique morphism, and given a morphism i : Ji — > 
J2, the natural transformation 25^ : A* < Bj 1 —> < Bj 2 induces a natural transformation 
A^S^ = A^A*^ -s- A* 2 <Bj 2 . If we let £/ be the full subcategory of £ whose 
objects are the subsets of I, geometric realization gives a functor £/ — > Top. We 
will come back to this construction in section [5] 

Proposition 4.4. Let <j> : ||25/|| — > 971/ be the homotopy inverse to the map 971/ — > 

1 1 25/ 1 1 induced by the inclusion [—1] — > A/. TTien </ie maps 

h T : ||25/|| HIS/II— 

define a natural transformation h betwen the functors ||25||,97t : £ — > hTop. 

Theorem 4. The maps h$,h x are homotopy equivalences. 

We will now show that (||25/||, 2%) and (||25/||, 2%) have the structure of an 
(^f +) jSf)-pair. 

Proposition 4.5. Let H0,H/ be universes and let H = H0 ® H/ . Let i/ : Jz? H/ -> 
.jSf H 6e i/ie map of operads which maps f £ £f n < (n) to the isometry 1 ® / : H ® 
(nH/) -4- H ®H 7 . T/ien (||ij§?||, Ottf ) and (||i|25?||, 971^) have i^e structure of 
{^\^ m ») -pairs. 

Proof. We want to define maps 

: ^f H » -)• f (3Jlf ) 
0<B :Jff e ->£ (11*^11,971^) 

We begin with 6>. Let 6>j : £f u -> £ (97T^) be the canonical J? H -spacc structure 
on 97tj and let i : Jz? H » -> Jz* H be the map of operads taking / 6 Jz? H »(n) to 
/ <g> 1 : (nH ) <g) H/ ->■ H ® Hj. Then we let 6> = 6> o i $ . We now define 9^. 
Given / 6 (n) the map 0fg (/) will be defined by the natural transformation 
(97^)™ x i*25^ i*j^f given by the maps 

(«<) n x 25?(m) = (97lH)" +1 x (97t^) m/ x J]an" ^ x (97l^) m/ x JJ SDT™ = 25^(m) 

(9J$) n x = (9J$) n x 971/ ^4 (97t^)" +1 ^ OT™ = 25/(-l) 

The structure on (||i|25^||, OTtg 1 ) is obtained by restricting 6<s to 25. □ 
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Consider the functor 

«8(||«8?||,an£,||«8? 



A(if" e ,if H «,^f ) -^Top 



Proposition 4.6. Fix Hilbert spaces Mjj,Mg, and let H = H/j © Hg. Let i : 

<£~B-u _jfH ^ e ^ e usua i ma p_ Then we have a commutative diagram on hTop 



|«8(||i*»?||,an£,||**B5i 



||«8(an?,5mJ,an5) 



Wu,l 



• 9Jt H 
JJl /u.i 



w/iere £/ie Ze/£ vertical map is a homotopy equivalence. 

Proof. Let A? = A(j^f , J^ H , jgf» , Jgff + ) (J2f + (n) = J^ H (n + 2)) and define sim- 
ilarly A # and A^ 1 . The strategy of the proof will be to define subcategories 
Ajj, Ajj, A^ C A« x A° x A« and functors 03/ j : Afj -»• Top, 03/ j : A^ -> Top 
and 03/j : A/j — > Top together with the following functors 



A H, j x A H x A H, 7 ^ A H„ x A H x A Hjj ^ A H 



A/,; 



Ajj- 



A H 



A H 



-1] 



such that by taking the geometric realization of the pullbacks of 23/j and 03jj wc 
obtain the commutative diagram 



1*8(1123,11,9% ||<8 



1103(9% 9% 971, 




||03(9%9%9Jtj 



JUJ 



The result imediatelly follows. 



(1) We first define the categories. Before we define the morphisms of Ajj we 
need to consider, given a,b G Z + , the embedding Jif+(a + &) — >• J2f+(a) x 
Jzf+ (&) whose components are the adjoints to the inclusions 

(1, 0) : a! © H ->■ (aH © H) © &H 
(0, 1) : H © 6H -> aH © (H © 6H) 

Its image is the subspace of pairs ((j) a7 (f>b) such that a (O,w) = 0f,(w,O) 
for any v E H. Similarly we have an embedding .if^a + b + 1 + c) — > 
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(a) x Jzff (fe + 1) x J£?+(c) whose components are the adjoints to the 
inclusions 



(1,0) 
(0,1,0) 
(0,1) 



aH © H -)• (aH © H) © &H © H © cH 

H © oH © H -> aH © (H © oH © H) © cH 

H © cH -> aH © H © 6H © (H © cH) 



Its image is the subspace of triples (<p a , <pb, <Pc) such that <^ a (0, u) = (f>b{v, 0, 0) 
and (f>b(0,0,v) = </5> c (i>,0) for any v G H. Given /U e A(m, n) and two non- 
negative integers a, 6 we define 2l(a, /x, 6) C ££f{a) x Ai iP x &f{b) by 



2I(a, fi,b) = < 



J? m (al + fi + 1) x 
^ H (a/ + n + 2 + W) 



n-^v-M«-i) 



a=l 



x«^ H (n-^ m + oJ + l) 



m = — 1 



Let Ajj c A/ x A. x Aj be the subcategory equivalent to A/ x A. x Aj 
with morphisms 

A/, 7 ( (mi,m,mj) , (m,n,nj) ) = |_[ 

Hi£A(mi,ni) 

H£ A(m,n) 
/ij6A(mj,iij) 



where 



Q = l 



^I,mi) x 21(^7,0; MJ,o) 



.a=l 



x iff (nj - MJ,m. ; ) J C A/, M , x A.,„ x A JiW 



with the usual convention that, if m/ = —1, then /xj ia = nj + 1 for all a 

and similarly if m,j = — 1. It is straightforward to check that Ajj is a well 
defined subcategory of Aj x A. x Aj. Ajj and A/j are defined by pullback 
diagrams 



Ajj A/ X A. X Aj A/j Aj X A. X A j 



Ajj Aj X A. X Aj Ajj s~ Aj X A. X Aj 

and Ajj = Ajj R Ajj. 

(2) We will now define the functors 23 j, 05 /, 23 j. It is convenient to introduce 
some notation. For neA, and nj G Aj we consider the following functors 
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from A/ to Top: 

K I j{-,n,nj) = * I xM%x%j{n J ) n ^ -1 

B/j(-,-l,nj) = »/ x97l r l -' J x J]^ 

25 7J ( • , -1, -1) = 25 ' ^0 ' m J ; ^uj^ 

n, • ) = • , n, nj) 

For nj G A/ and nj G Aj we consider the following functors from A. to 
Top: 



®jj(ra/, - ,-1) 



.x£l 



xWG 11 x<B(VJl ,VJl0,Wlj;mj) ni^-1 



<8ij(-i,-,-i) = <8(mi,<m 9 ,mr,m IUJ ) 

- ,nj) = ®/j(n 7 , - ,-1) 

Finally, for nj G A/ and nj G Aj we consider the following functors from 
A. to Top: 



*Bu(m, - ,nj) 



.x£l 



x m^ 1 ' x 23(0)10, ot ,ot ) x m r ; jJ x]Jm x 



xGJ 



We proceed with the definition of the functors. On objects 
S 7 j(m/, m, mj) = Sj(mj) x Mff x <Bj(mj) m/-l 



$ 8/j(m 7 , -l,mj) = < 



«8/(m/) x M" ljJ x 



mj ^ -1 



x m™' 1 x Bj(mj) 



Bjj(-l,-l,-l) = 5mjuj 



and Q3/j coincides with whenever it is defined. Given a morphism 
/ G A/j( (mi,m,mj) , {m,n,nj) ) with image (//,/., /j) in A/xA. xAj, 
we define 05/ as the composition: 



93jj(mj,-,7lj)(/.) 



Q5/j(mj,m,nj) 



gS7j(mj,m,-)(/j) ~ 

s- 25/j(m i; m, mj) 
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Similarly, given a morphism / G Ajj( (to/, to, to,/) , (ni, n, nj) ) with image 
{fi,f»,fj) in A/ x A. x Aj, we define <B/j(/) as the composition: 

m / ^ ®7j(-,n,nj)(//) ~ , . 

Q3jj(n/,n,nj) ^ *Bij(mi,n,nj) 

s- \Bu(mi,m, nj) 



&ij(mi,m.,-)(fj) 



• < B/j(m J ,m, mj) 



We can easily check that these are well defined functors. The crucial obser 
vation is that given any («5ff , «5f H )-pair (X M ,X), and given / G 3ff(a + b] 
with image (/ a , /b) G Jz?+(a) x jSf^(6), we have a commutative diagram 



rxx«xi 



/a XI 



Xu X X fc 




The restrictions of 03/j and S/j to Ajj coincide and we call this functor 

(3) We now define a diagonal functor djj : A/yj — » Ajj given on objects 
by n i-> (n, — 1, n). To define d/j on morphisms just observe that for any 
/i G A(m, n) the spaces of morphisms Ajuj,^ and A/j.pj^ are canonicaly 
homeomorphic. Now, *B/uJ = j^Bij- Restricting djj to A/yj we obtain 
a functor djj : Aj u j — > Ajj such that djj'iBij = 93/uj- We claim that 
the map ||5S/uj|| —> | S/j | induced by djj and the inclusion A/j — > A/j 
is a homotopy equivalence. To see this let Aj,/[— 1] C A/j be the cofinal 
full subcategory with objects (nj, — l,nj). Then <ijj : Aj u j — > Ajj factors 
through Ajj[— 1] and we have a commutative diagram 



dlj —r- 



1IJ 



-1] 



A x A 



where d is the diagonal functor. Since d is cofinal and the vertical maps are 
equivalences of categories, the result follows. From the pullback diagram 

Ajj A/ X A. X Aj 



Ajj -^AjxA.xAj 



I J 



03 



we see that the inclusion i : A/,/ — > A/j is cofinal so ||SB 
(4) We will now define a functor F : A] 1 '-' x A^ x A° 

identity on objects. We will define an equivalence of categories F 



ij II- 
Afj. F is the 



A H 



xA h 



— > Ajj. To define F on morphisms we define a map Jz? + (a) x 



(6) — > Jz?+(a + 6) as follows: using matrix notation, the image of a 
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pair of isometries 



[h <? ]:aH ffiH ->H 
[ 9IJ h u } : Mjj © ffl/j -> H/, 7 



is the isometry 



[ / ® 1 30 <g> g/j 1 O /i 7 j ] : aH © H © 6H -> H 
Now, B(F**Bu, Aj /J x Aj JJ ,*) * 03(||03/||,a% ||«8j||) and hence 
|F*®„||-B(B(F*«8„,A^ x A^,*),A^,*)-||?B(||5 J || ) 9Jt ,||5 J ||)||. □ 



4.1. The map /i : 03 — > 971. We now describe a natural transformation betwen 
1 1 03 1 1 and 971 seen as functors from Cto hTop. 

Definition 4.1. Let A be the category whose objects are those of A plus the 
empty set, and whose morphisms are the order preserving maps. Let Aj be the 
category equivalent to A, with morphisms Aj(m, n) = A/(m, n) and A/(0, n) = 



Jzf H (l + (n + 1)1). We define a functor 03/ : A / -> Top. 03/ coincides with 03/ on 
A/, 03/(0) = fflf and, given / e A/(0, n), Q3/(/) is the composition 

»/(/) ^x^xJI % ^ fXW - j)J><n<, ~ £K/ x (97T")"' x (0H?) J — U SUl/ 



Proposition 4.7. ||03|| is a functor from £ £o hTop. 

Since is a final object in A, we get 
Proposition 4.8. The map 97t/ = 03/(0) — > ||03/|| is a homotopy equivalence. 

Then we have maps 



Theorem 5. h x : B(S X , A x , *) —¥ B(T Xl A x , *) is a homotopy equivalence. 

This shows that conjecture [T] holds for = 1. 
Proof. We have a commutative diagram 



||!8/|| -»• II33/H ^371/ 



A 



A 



Top 




-l 



A 



from which we get the commutatice diagram 



11*8*1 



II2U 




®x|| 



■x 



The result follows. 



□ 
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5. Proof of theorem Q] 

In this section we fix / € £. For each morphism j : J — > I it will be convenient 
to replace, for each morphism j : J —> I, the spaces ||*Bj|| with the homotopicaly 
equivalent spaces ||A*Sj||: 

Definition 5.1. Let £/ be the full subcategory of £ whose objects are the subsets 
of /. It is convenient to think of the objects as pairs ( J, j) where j is the unique 
morphism J — > I. Let A* 05 : Aj x — >• Top be the functor defined on objects 
by A**B(J,j,?i) = A**Bj(n); Given morphisms i : (Ji,ji) -> (J-2,h) and / 6 
A/(m, n), we define A*93(/, i) by the commutative diagram 

i i 

We define similarly the functor A**B : A/ x £/ — > Top. 

For each n G A/ and J e C/ the topological space Q3j(n) is naturally graded 
as a product of graded spaces. Denote by %$j t f.(n) the degree k component. The 
maps A* < B(f,i) preserve degree so we have a degree fc functor A**Bfc : A/ x — 
Top. Restricting to A/ we have the functor A*<8fc : A/ x — » Top. We let 
||A*«B fc ||, ||A*» fc || : tj -> Top be the functors 

||A*B fc || = £(A*33 fe) A 7) *) ||A*» fc || = B(A*% k , A/, *) 
Let <£j & C £j be the full subcategory whose objects satisfy #J < k. The maps 
Q5j- : ||©j >fc ||to||®yll induce a ma Pj> : ||A*«8 fc ||) -> ||«B/, fc || and similarly 

we have the map b : B(*,€i t k, ||A*Q3fc||) — > \\*Bi,k\\- We will show that 

Proposition 5.1. The maps b,b are homotopy equivalences. 
As an imcdiatc corollary we get 

Corollary 5.2. //, for any J G Cr,fc, the map \\?Bjk\\ ~> \\%$J,k\\ * s a homotopy 
equivalence, then the map 1 1 fS fc 1 1 — > \\VBj.kW * s a homotopy equivalence. 

Proof. We have the commutative diagram 

B(*,€ Itk , ||A*B fc [[) > S(*,C/,fc, ||A*» fc ||) 



||5B/ jfc || 

and by hypothesis the top horizontal map is a homotopy equivalence. The result 
follows. □ 

Theorem [1] imediately follows. 

From theorem [5] we get as an immediate corollary theorem [2] for fc = 1 : 
Corollary 5.3. hj.\ is a homotopy equivalence. 
All that is left is to prove proposition 15. II 
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Proof. There are two statements to prove: 

(1) We first show that & is a homotopy equivalence. Since 

B{*, C Iifc , ||A*B fc ||) = B(*, C Jifc , B(A**Bfc, A/, *)) S B(fl(*, £ 1>fe , A*03 fc ), Aj, *) 
it is enough to show that the natural transformation 

is a weak equivalence. Fix [n] G A/. The basic observation is that given a 
morphism i : J — > J' , the maps Q5,(n) : *B,/(n) — > 95j/(n) restricted to each 
connected component of Q3j(n) are homeomorphisms onto a component of 
05 j/ (n). We write it explicitly. For each J G £/ let Zj, fe C Z x Z nJ x Z J be 
the subset of the tuples on non- negative integers whose sum is k. We write 

an element k G Zj^ as fe = I fco , (k ax ) xeJ , (k x ) xe j ]. Then 

V a— l,...,n / 

A*03 fe (J,n) = Q3 J , fe (n)= ]J «8 Jije (n) 

where 

= a% fco x ( JJ 9% fc _) x ( [] an,,^) 

a— l,...,n i£j 

and given a morphism i : J — > J' the map A*Q3jt(l, i) (= 53i(ra)) is just the 
canonical inclusion. Now for each k G Zj^ let £ 7 g C £7^ denote the full 

subcategory whose objects J satisfy k G Zj^ under the canonical inclusion 
Zj.fc C Z/.fc. Notice that g is never empty. Let 25g(n) : g — > Top 
denote the constant functor given on objects by Q3jg(n). Then 

B(*,C Jlfc ,A*® fc )(»)s U B(*,£ a ,Q3g(n)) 

Since £ 7 g has an initial object, namely the intersection of all its objects, 
= ® Ji£ (n) hence 

B(*,£ I>fe ,A*Q3 fc )(n)^ ]J Q3 7i g(n) = 33/, fe (n) 

which concludes the proof. 

(2) Now we prove that & is a homotopy equivalence. Denote by SEJtfc : C — > Top 
the degree k component of the functor 971 : € — > Top. It was shown in 
[12"] that the restriction of SJlfe to £7^ is homeomorphic to the nerve of an 
open cover of DJli^k- It follows that the map B(*, £j,fc,!E9tfc) — > 9ttj fc . is a 
homotopy equivalence. We have a commutative diagram 

B(* ) <£j )fc ,aR fc ) ^£(*,e:7,fc,||A*23 fe ||) 

3K/,k ll»i,fc|| 

where the horizontal maps are homotopy equivalences. The result follows. 

□ 
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6. The case k = 2 



We now prove theorem [2] for k = 2. By theorem [TJ it is enough to consider 
the case when #1 = 2. So in this section we fix I = {x, y} G £. Since the maps 
||33 x || —> \\%$x\\ and ||93y|| — > \\%$y\\ are homotopy equivalences, we have a homotopy 
commutative diagram 



105(1105,11,9^,1105, 



105, 



103(9^,9^,9^ 



Mi 



1103(^,9710,^ 



obeying the relations 



and hence we only have to show that the map 1 1 03 (9Jl x , 3R , 97t y ) | 
is a homotopy equivalence. We will need the following result: 

Proposition 6.1 (|12j). There are open embeddings 

aRx.iV x 9JVV 9Rj, 2 

ORx.iV x an,,, I -y 9R X , 2 

9R 0il v x an, ;l r 2R B , 2 

9R ,iV x 9%lV ->• 9R , 2 

fflj o (1 X 7rS iV ) = o EE!, 

fflj O (Tr^ X 1) - 7T* , O ffl„ 
fflj O (TT^ X TtJJ = O ffl 

Furthermore, if we let N%, A x , A y denote the images of the open embeddings EE/, tt*^, 7r* j 
respectively then {A x , A y , N 2 } is an open cover o/SR/^V and £/ie following maps 
are homeomorphisms: 

a% 2 v ->• A, n A y 

9R*,iV x aR ,iV ->■ A K n N 2 
9R 0) iV x 0R y4 V -4A s niV 2 
7r 0ii o ffl : 0%iV x 9R ,i V A x nA y nN 2 

Proposition 6.2. Let Ji G {0, a;}, J n G {0, y} and let J a = /or a = 2, . . . , n — 1. 

Le£ J = (J J a = Ji U J n . Also let k a G {0, 1, 2} 6e smc/i £/ia£ fc = /c Q < 2. TTien 
i/iere is a map 



= : n 



\ by treating * G 9R,7 a ,o as the identity. EE! has the 



obtained from EBj, EB X , EB y , I 
following properties: 

(1) For any f G Jz? H (l) we have a commutative diagram 



/X...X/ 



H 

J a ,k a 
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(2) Let %i : H — > H" be inclusion onto the i-th component. Then we have a 
commutative diagram 



Ja,k, 




Proposition 6.3. The map *B(9K X , £Dt , SJty) -> Q3(9Jt x , 0% SJy is a homotopy 
equivalence. 

Proof. Let : H — > H" be inclusion onto the i-th component. Let O be the operad 
with 0(n) the space of complex linear maps nM — > HI such that / o i i G ^f H (l) 
for all i — 1, . . . , n, with operad data 7 given by composition. We fix basepoints 
* G 0(n) given in matrix notation by 

* = [ 1 • • • 1 ] : nH ->• H 

For any / 6 0(n) and each a = 1, . . . , n, let f a = f o i a : 9Jt j -> JUtf. In the 
conditions of proposition 16.21 we can define maps 



(5) 



a—l a—l 



Note that if/ = *,ffl/ = EEI. EB/ is compatible with the operad data in the following 
sense: Given / G 0{n) and € O(ji) we have the commutative diagram (where 
fi = f° H and g ia = gi o i a ): 



n ji n ji 

1111 ■ -1111 - 




= 1 a=l 



Ui EL h 



nn^ 

z— 1 a—l 



n,/i 



(the lower triangle is commutative by proposition l6.2[) . ffl/ does not make (971^, 9Jtg) 
and (9Jl y , QJlg) into (C+, C)-pairs but the construction of definition 13 . 71 makes sense 
for the degree two components and hence we have a functor T : A(0+, O, O+) — > 
Top. The inclusion of operads Jzf m C O induces an equivalence of categories 
A(jS?+,_Sf,jSf+) -4 A(O+,0,0 + ). For / 6 ^ H (n) C 0(n) we have a commutative 
diagram 



J a ,k 



a=l 



J a ,k a 




mi- 



nt 



f 



H 

J a ,k a 



J.k 



so the restriction of T to A(Jz? + , Jzf , Jz?+) is precisely Q5(9Jl K , SQt©, 9Jty). 

We have a map from the trivial operad T to O which sends * 6 T~(n) to the base- 
point * € 0(n). This map induces an equivalence of categories A —> A(C + , O, 0+). 
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The restriction of J 7 to A is the nerve N of the open cover {A x , A y , -/V2}. So we 
have a commutative diagram 

which completes the proof. □ 

7. Group completion 

We now consider the linit when k — > 00. We begin by fixin a universe H. To 
each complex hermitian vector space V we associate the space DJIV = 9Jtdi m yHI<8>V^. 
Then we have a map 

uj : Mv x Mw -> M(v e 

Given an isometry a : V — > W, from the induced isometry H®^— S'HfgiVFwe get 
a map a : — > 9JIW. As before, TH inherits the structure of an «Sf-space. 

Proposition 7.1. As before, TH inherits the structure of an J? -space. Dirac map 
works too. 



8(aHB,an§,nan*) 



— art/ 

BU x 



Q3(-Bf/, St/ 7 , (BU x BU) 1 ) <B(BU, BU 1 , (BU x BU) 1 ) * 

Now let denote the little cubes operad. Let U be the infinite unitary group, 
let flU be the loop space based at the identity and let QoU be the commected 
component of the constant loop. Consider ^-theory spectrum: 

K = lim0 2 ™ +1 ?7 

Let 9 : — > £ (K) be the standard ^-space structure on K and let 9 m '■ — > 
£(K x X, X) be defined as follows: given / E 0»+(n), x E K n and (a,b) E K x K 
we let 

M/)(*>M) = W)(z,aM(/)(*,&)) 

Proposition 7.2. 77ie inclusion ^(K^K 1 ', (X x X) 7 ) -> 25(if, if 7 , (if x if) 7 ) is 
a homotopy equivalence. 

First we define an operad map #1 : ^ + — > £jj;y 2 as follows: given / e + (n), 
x E W n and (a, b) E W 2 we let 

9 1 (f)(x,a,b) = (6(x,a),6(*,b)) 

where * E QU n is the base point. Now, using the group structure on K coming 
from U we define a map r : K x K — > K x K by n (a;, = (x,y" 1 x). Then, for 
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any / G &+(n) we have the commutative diagram 

if" x (if x if) -^>- X" x (if x if) ^> K n x (K x if) 

OmU) 

if x if if x if s- K x K 

Thus t, r^ 1 induce a homeomorphism 

<8(if, if Z , (if x if ) / , 0{j) ->• 23(if, if 7 , r , (if x if)', 6>() 

Now, for any x,y e W n and any / G 0(n), 0(/)(ai • y) = 0(/)(a:) • 6(f)(y). So 
t is compatible with the operad structures. 

8. Homology 

Proposition 8.1. Let J- : A/ — > Top be a functor. Then there is a spectral sequence 
with E 1 term 

K. q = h i(Hp)) 

converging to the homology of the homotopy colimit B^J 7 , A/,*). 

Proof. The functor p : Aj —> A is an equivalence of categories and Segal's pushdown 
Ph*J~ = A/, A) is a simplicial space whose geometrical realization Ip/i*^ 7 ! is 

homotopically equivalent to B(J-, Aj, *). There is a spectral sequence converging to 
the homology of \ph* J-\ with = H q (ph*J-{n)). The result follows since ph^J^in) 
and "F(n) are homotopically equivalent. □ 

Lemma 8.2. Consider the diagram 

97t x m x — ^U- M x 



wi $ x m x -^u- m x 

Let 7 G ii*(9Jta;) be such that i*(7) is in ifte image o/m*. ITien 7 is in f/ie image 
o/m*. 

Proof. = 2^0,00 x 2- We introduce a grading in ii*(9Jt0 iOO ) by 
|a| = min{fc : a G Im ( fr»(£Dt 0jfc ) -> ii*(9Jl 0jOO ) )} 
Pick f) = Yl&i ® A £ ii*(93?0 x 9Jt x ) such that rh*{rj) = i*(a;). 

□ 

Appendix A. Monads 

Fix i = {x, y} G £. In this appendix we describe the open cover {A x , A y , N 2 } of 
Wli,2V, the spaces N x , N y , and the map EH : N x x N' y -> N 2 . The maps n x I , n* z are 
open embeddings (see [12]) and we let A x — im(7r* r ), A y = Lm(n* j. To describe 
the other spaces we need the monad description of the moduli spaces, introduced 
in [1], [5], which we briefly review here. 

Let Wo, Wi be rank k complex vector spaces. Let 1Z be the space of 4-tuples 
(ai,a2,b, c) where aj G End(Wi), 6 G Hom(V, W\) and c G Hom(Wi, V), obey- 
ing the integrability condition [01,02] + be = 0. Let TV be the space of 5-tuples 
(oi J o^d',6',c / ) where a< G Hom(VFi, W ), d' G Hom(W ,Wi), 5' G Hom(V,W ) 
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and d G Hom(Wi, V), such that a£(Wi) + a 2 (Wi) + b'(V) = Wo, obeying the inte- 
grability condition aida2 — a 2 da\ + 6c = 0. GJ(Wi) and GI(Wq) x GJ(Wi) act by 
composition on 1Z and 72.' respectivelly. A 4-tuple (a±,a 2 ,b, c) is called nondegen- 
erate if, for any subspace f/i C Wi, 

Imb C t/i and a^Ux) <zU x {i = 1, 2) => t/i = Wi 

C/i C Kerc and ^(f/i) C Z7i (i = 1,2) =S> J7i = 

A 5-tuple (a[, a' 2 , d', b', d) is called nondegenerate if, for any subspaces Uq C Wo 
and Ui C W\ such that dim [To = dim Ui we have 

Im6' C U {) and d'(Z7 ) C U x and a-(Z7i) C U (i = 1, 2) Z7* = Wj (i = 1, 2) 

t/i C Kerc' and d'(U ) C C/i and a-(Z7i) Cf/i(i = l,2) [/< = (i = 1, 2) 

Let 72 reff , 72/ eff denote the subspaces of nondegenerate configurations. 

Theorem (Donaldson gj, King [6j). The actions of Gl{W x ) and Gl(W ) x Gl{Wx) 
on lZ reg , 7t' reg are free and we have isomorphisms 

TZ reg /Gl(Wi) £* 9% fc V U' reg /( Gl(W ) x Gi(Wi) ) £* SH^V 

T/ie algebraic quotients 1Z/ /Gl(Wi), 11' / /GI(Wq) x GZ(Wi) are isomorphic to the 
Donaldson-Uhlenbeck completions 9Jt0,fcV, SEJt^feV oftyJlfl^V and 0Jl x .kV respectiv- 
elly. 

Given an isometry a G £(V, V 2 ), we get a dual map a* : V 2 * = V2 — ► Vi* = Vi. 
The map 9Jta : SDTVi — > 3JtV 2 is induced by 6 n- 6 o a* , c i-> a o c. Whitney sum 
cj : 9% fc V x9% fc /V -> SBlHfc'tVffi^') is induced by direct sum: let a, € End(Wi), 
6 G Hom(V,Wi), c G Hom(TVi,V), and let € End(Wi'), 6' € Hom(V, W^'), 
c' € Hom(W{,V'). Then 

w([ai, a 2 , 6, c], [a' l7 a 2 , 6', c']) = [ai © a' 1; a 2 © a 2 , 6 © 6', c © c'] 

Corresponding results hold for Whitney sum on 9Jl x , SJtj,. Now write x — (x%, x 2 ) G 
C 2 and fix an isomorphism d : Wq — > W\. Then the map x : DJl^^V — > 9Jt x ,fcV is 
given by 

7r 0, a; ( [ai,a 2 ,b,c] ) = [d -1 (ai - x 1 l),d~ 1 (a 2 - x 2 l),d,d~ x b,c) 
Fix 5 > and let 

N 'x = {[ a 'i,a' 2 ,d', 6', c'] G Tt x ,iV : \d'a[\ < 8} 

N'q(x) = {[01, o 2 , 6, c] G Wl®,iV; |ai — arij < S 

Proposition A.l. There are homeomorphisms = 3Jl0.iV, N' x = SEJt^iV. 

Proof. Let be the space of orthogonal vectors u,v G V modulo the action of 
C* given by g(u,v) = (gu,g~ 1 v) and let M x be the space of orthogonal vectors 
(u,v) G V modulo the action of C* x C* given by (go, 9x){u, v) = (gou,g^ 1 v). Then 
9Jt 0j iV = C 2 xM, and the projection Wt xA -» M x given by [a[,a' 2 ,d', b', c'] -> [6', d] 
is a fibre bundle with fiber C 3 . The result easily follows. □ 

Now consider the map fflg : N^(x) x N'Ay) — > %R%. 2 V given by 

[a-ix, CL 2x ,b x , c x ] fflg [aiy,a 2y ,by,Cy] 
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and the map B x : N' x X N$(z) -> Oft^y given by 

[ai,a 2 ,d',&',c'] EH^ [a i2 , a 2z , b z , c z ] 

a[ 
a? 



d' OA A' 
' V d' 



II \ 111 7 



where [a", a^', rf", b" , c"] = tt| a 2 y, fry, Cj,]. Now, straightforward computations 

show that 

Proposition A. 2. 

(1) There is a commutative diagram 



■ an, 



0.2 



(2) .Lei a (E jC(V, V). TTien we /lave a commutative diagram 

any x any ffl - any 



OTaxOTct 



any x any 



ma 



■ any 



(3) Let i : V V ® V , i' : V — > V © V be the canonical inclusions. Then lo 
equals the composition 



any x any 



■an(y ©y) x m(v®v) 



■an(y ©y) 



The maps EB^EHyjEHg are open embeddings (see [12], proposition 4.5). Let C = 
an/, 2 y \ {A x U A y ). We define iV 2 = n xI Im(m x ) U 7r* 7 /m(ffl a ) U C. 

Proposition A. 3. There is a homeomorphism EH : N' x x N' y — > iV 2 which extends 



Proof. The proof follows the same lines as the proof of proposition 4.9 in |12) . 
We sketch the proof here, refering to [12] for more details. Let ir x j : Pf — » P x , 



be the blowup at y, and let ir y j : Pj 



% **,x ■ n 



12 be the 



blowup at x. Taking the direct image of the bundles we get maps 

(tt x j)* ■■ on/, 2 y -> m xa v fa,,), ■. m V:1 v -> an M y 

(7r y ,j)* : an /i2 y -> an^v (7r 0;X )* : wt xA v -> an 0il y 

where the bar denotes the Donaldson-Uhlenbeck completion of the moduli space. 
Given m x <E -ZV X , m y 6 iV^ , we define m x EH m a as the only solution of the system 
of equations 

(TT x ,i)*(m x EH rn a ) = m, ffl K {^, y )*m y 

(%,/)*K EH mj,) = (7T0,x)* m x EH a m 9 

To check existance and uniqueness we let SqN x = N' x \ir^ x Nq, SqN^ = N v \tt^ y N^ 
and observe that 

N' x x N' y = (N' x x nl y N^y)) U (tt^N^x) x N' y ) U (S„iV£ x S a N' y ) 
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Outside SqN x x SoN y we can solve the equations and get 

m x EH T^l y m = Tr xI (m x 3i x m) n$ >x m EH m y — Tr*j(m S y m y ) 

If (m x ,m y ) £ SqN x x SqN^ then {TT x ,i)*{m x EHmy) £ ffllx^V is the ideal instanton 
determined by x G 9Jt x ,iV and a delta at y, and (77^/)* (m^ EH m^) € 2fty,2 is the 
ideal instanton determined by y € 971^ 1 V and a delta at x. By proposition 4.3 in 
[T2] , this completely determines EH m y . Continuity is proved exactly as in [TJ] , 
proposition 4.9. □ 

Finally we observe that the results of proposition I A . 2 1 extend to EH by continuity 
since Nq is dense in N' x . 
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